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1. Introduction 

We recall the most general definition of an n-dimcnsional solenoid: 
DEFINITION 1.1 ( [5TJ [551 [H] ) . An n-dimensional solenoid is an inverse limit space 

S = lim {p e+1 : L e+1 -> L e } 

where for t > 0, Lg is a closed, oriented, n- dimensional manifold, and the maps pe+i '■ — * Lg 
are smooth, orientation-preserving proper covering maps. 

The limit topological space S is a lamination 7 , with foliation J-$ having leaves of dimension n. 
The initial manifold Lq is called the base of the solenoid S, and each covering pg+\ : Lg + i — ► Lg is 
called a bonding map. It is not assumed that the bonding maps are normal coverings, only that 
the images pi+\ : 7r 1 (L^ +1 , xg + \) — > 7Ti(i^,a^) have finite index for each £ > Q, where C L is a 
basepoint and a;^ € Lf is chosen so that pg+i(xg + i) = Xf.. 

There is a natural fibration map : 5 — > Lo, such that the restriction of to each leaf I C 5 of 
J\s is a covering of Lq. Given a Ricmannian metric on the base Lq, the covering maps can be used 
to define Riemannian metrics on each Lg . Then each leaf L of T$ inherits a Ricmannian metric such 
that the covering map p» : L — > L is a local isometry. Let 

(1) p £ = pi o ■ ■ ■ o Pe : L e — ► L 

Set r = 7Ti(Loj ^o) an d — image{(pf)* : ~k\(Li, xi) — > T}, then let ^ = T/r^ be the quotient set, 
which is a group if all bonding maps are normal coverings. The fiber = p^ 1 (xo) of : S — > Lq 
is then identified with the inverse limit 

(2) K. = pZ^xo) = lim {& e+1 — » ^} 

which is compact, totally-disconnected, and if all bonding maps are normal, a topological group. 

The case where each Lg — S 1 and the bonding maps pg are orientation-preserving covering maps 
with degree dg > 1 is the classic example of a solenoid. The limit space S then has a minimal 
flow, which covers the usual rotation flow of S , and the fiber is homeomorphic to a standard 
d-adic Cantor set, for d — (d\, d^ 1 ■ ■ ■)■ The study minimal sets homeomorphic to a solenoid has an 
extensive history in topological dynamics. 

The first author, in the paper [5] with Robbert Fokkink, asked when a solenoid with leaves of 
dimension greater than one, can be embedded into a manifold. Let B 9 C K 9 denote the open unit 
disk, then they consider the product space Lq x M q for q > 1, and ask for conditions that imply S 
embeds into Lq x M q so that the bundle projection induces the limit map . Note that the existence 
of such an embedding implies an embedding of the fiber Cantor set cl'. For the case where 
q = 2, they give a complete solution to the problem. 

In this same paper [8], the authors also ask, for n > 1, when can an n-dimcnsional solenoid be 
realized as a minimal set for a C r -foliation T on Lq x B 9 , for some r > 0? It is assumed that 

2000 Mathematics Subject Classification. Primary 57R30, 37C55, 37B45; Secondary 53C12 . 
AC supported in part by EPSRC grant EP/G006377/1. 
SH supported in part by NSF grant DMS-0406254. 
Preprint date: December 4, 2008. 



2 



ALEX CLARK AND STEVEN HURDER 



the leaves of T are all coverings of the base Lq. In this case, not only is the fiber Cantor set 
embedded in B 9 , but the monodromy automorphisms of the fiber of : S — > Lq are realized via 
C-holonomy maps of the foliation T, which is a very strong condition. It seems that very little is 
known about the answer to this question, especially when the differentiability r > 1. 

The realization problem for solenoids as minimal sets is a special case of a broader problem in the 
study of foliations on closed manifolds. 

PROBLEM 1.2. Given a lamination X with foliation Tx , o,nd r > 0, when does there exists a 
C r -foliation T of a closed manifold M, such that T has a minimal set homeomorphic as foliated 
spaces with (X,Tx)? 

The purpose of this note is to give a construction of higher-dimension solenoids which naturally arise 
as minimal sets for C r -foliations, for any r > 0. Our approach is related to the proof of Theorem 14 
in [8], but is equally inspired by the ideas of stability theory for C 1 -foliations pJ | l27 l 128 ] 133] . 

In fact, our construction begins with an arbitrary C r -foliation Tq which contains a compact leaf 
Lq satisfying certain "instability conditions". We construct a family {Tt | ^ = 1,2,...} of C r - 
perturbations of Tq, whose limit is a foliation T which contains a solenoid minimal set. For each 
I > 0, the foliation Tg contains the approximating tower for S up to height £. That is, via a 
perturbation, the compact leaf Lq "blows-up" into a solenoid obtained as an inverse limit of finite 
coverings of Lq. The degree of differentiability of the limit foliation T depends upon the choices of 
the maps in the inverse limit construction, and can be made C r with suitable such choices. Let O 9 
denote the closed unit disk in M. q . 

THEOREM 1.3. Let Lq be a closed oriented manifold of dimension n, with H 1 (Lq,M) ^ 0. Let 
<7 > 2, r > 1, and Tq denote the product foliation of M = Lq x O 9 . Then there exists a C r -foliation 
T of M which is C r -close to Tq, such that T is a volume-preserving, distal foliation, and satisfies 

( 1 ) Lq is a leaf of T 

(2) T = Tq near the boundary of M 

(3) T has a minimal set S which is a generalized solenoid with base Lq 

(4) each leaf L c S is a covering of Lq . 

The foliated manifold (M, T) functions as a "foliated plug" , in the spirit of the constructions of 
Wilson [53], Schweitzer [2B] and Kuperberg [TH]. Thus, we can use it to insert a solenoidal minimal 
set, for a given foliation T , which has an open neighborhood of a compact leaf with product foliation. 

COROLLARY 1.4. Let J-q be a C r -foliation of codimension q > 2 on a manifold M. Let Lq 
be a compact leaf with H 1 {Lq;W) ^ 0, and suppose that J-q is a product foliation in some open 
neighborhood U of Lq. Then there exists a foliation T on M which is C r -close to Tq, and T has a 
solenoidal minimal set contained in U with base Lq. Lf Tq is a distal foliation, then T is also distal. 

Note that Corollary |1.4| is a type of "anti-stability" result. Recall that Theorem 2 of Langevin and 
Rosenberg states that if ff 1 (L ;R) = {0} and Lq has a product open neighborhood, and if T' 
is a sufficiently close C 1 -perturbation of T, then there is a compact leaf L' of T' near to Lq which 
has a product open neighborhood, hence T' has no solenoidal minimal set near to L' . 

The minimal sets of an equicontinuous foliation are submanifolds |231 Q , hence if T has a solenoidal 
minimal set, then T cannot be equicontinuous. The conclusion that T is distal in Corollary |1 ,4| also 
implies that it does not have any lcafwisc holonomy which is partially hyperbolic, which implies the 
minimal set S is parabolic in terms of the classification scheme of [T3] . 

There are many articles in the literature giving constructions of solenoidal minimal sets for flows, or 
equivalently, of C 1 -diffeomorphisms with invariant Cantor sets on which the action is minimal and 
quasi-perodiodic (see, for example, the works |4j [lOj [9j [HI [20l [30].) The idea of the constructions 
in all cases is similar, invoking cascades of periodic orbits embedded in invariant solid tori, and a 
deformation of the action between the nested tori (or invariant circles in the case of diffeomorphisms). 
The key observation of this paper is to regard these invariant solid tori as foliated flat disk- bundles, 
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and the deformations of the action as deformations of the flat bundle structures. Thus formulated, it 
becomes clear how to extend the constructions to flat bundles from base manifolds which are circles, 
to higher dimensional tori. There are a variety of technical, "bookkeeping" issues to keep track of, 
including the fairly obscure issue of when the choices in the construction yield a C r -foliation for 
r > 1. However, for some applications of these examples (see [14 ), it is critical that the examples 
are at least C 2 . 

The construction of the foliation T on M = L n x O 9 given in section [3] uses a geometric approach 
via embedded tori, and highlights the foliation aspect of the construction. However, to prove the 
resulting foliation is C r , we reformulate the construction in section[4]in terms of the global holonomy 
maps h: Z fe — > Diff r (B 9 ). This formulation also makes the comparison of the properties of our 
examples with those of the classical examples of actions on the disk more transparent. 

THEOREM 1.5. Let q = 2m or q = 2m + 1, r > 1 and S > 0. Let a t : 1 k -> Q m be a sequence 
of representations which tend to zero in norm sufficiently rapidly. Then there exists a C r -action 
h: Z fe — > Diff r (B 9 ) such that for each generator e*j of Z k , the map hj = h(ej) is S-close to the 
identity map in the uniform C r -topology, and satisfies: 

(1) £ B 9 is a fixed-point for hj; 

(2) hj is the identity map in an open neighborhood of the boundary S 9-1 ; 

(3) hj preserves the standard volume form on O 9 ; 

(4) hj has zero toplogical entropy. 

Moreover, the group action h satisfies: 

(5) there exists an h-invariant Cantor set K Cl' on which the group action is minimal; 

(6) the group action h on B 9 is distal; 

(7) there exists a nested sequence of h-invariant open sets Ui C B 9 which converge to K , and 
such that the restriction of the action h to Ug is periodic, with the restricted action on Ug 
induced from the finite representation ag : 7L k — > Q m — > Q m /Z m . 



It is worth noting that property (1.5 7) of Theorem 1.5 implies that the collection of Borel equivalence 



relations defined by the actions constructed in this paper are uncountable in number, and are 
essentially unclassifiable in the sense of descriptive set theory (TTJ |3TJ |32l [12] . 



Also note, that these higher dimensional solenoids typically do not decompose into a product of 
one-dimensional solenoids. This is follows from Appendix I of Pontrjagin [24 . 

Section [5] illustrates the method of the construction of the action h in the classical case where k = 1 
and q = 2; that is, for a single diffeomorphism of the 2-disk, as this helps clarify the role of the 
choices made with the degree of differentiability obtained for the resulting actions. The final section[6] 
discusses additional results and open questions. 



2. Flat bundles 

We recall some of the basic facts about flat vector bundles, and then construct examples which play 
a decisive role in the proof of Theorem |1.3| 



Choose a basepoint Xq £E L , and set T — tti(L q ,xq). Let T act on the right as deck transformations 
of the universal cover Lq — * L . 

Let p: r — > SO(q) be an orthogonal representation. Then V acts on the left as isometries of ]R 9 , 
v i ^ p(j)(v). Define a flat M 9 -bundle by 

(3) E 9 -(^xE 9 )/(y. 7 ,«)~(y,p( 7 )(«)) — > La 

For a closed path ct 7 : [0, 1] — > Lq with cr 7 (0) = c 7 (l) = £o which represents the homotopy class 7, 
the holonomy of the bundle E p along the path cr 7 is pi^f), as seen via the identification in (J3|. 
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The defining property of a flat bundle E — > Lq is that its horizontal distribution is integrable, and 
hence defines a foliation of E by the integral submanifolds of the horizontal distribution. In the case 
where the flat bundle E is given explicitly via a group action, as for E 9 , the leaves of the foliation 
F p have an explicit description. For each let L$ = Lq x {v} be the leaf through v of the 

product foliation on (L x M 9 ). The product foliation is T-equi variant, so descends to a foliation 
denoted by ZF p , and the leaf L$ descends to a leaf denoted by L; C EJ. 

The action of T on R q via p preserves the usual norm, ||a;|| 2 =x\-\ h x^, so for all e > restricts 

to actions on the subsets 

B« = {x | < e} , D| = {S | ||x|| < e} , S 9 " 1 = {x \ \\x\\ = e] 

Let B 9 p -> L Q (respectively, D 9 p or S 9 ^ 1 ) denote the B 9 -subbundle (respectively, D 9 or S 9 " 1 ) of 
E 9 — > Lq. The foliation T p then restricts to a foliation on each of these subbundles. 

The most familiar example is for Lq = S , where T = 7Ti(S 1 ,a;) = Z. Given any a e R, define the 
representation p: Z — > SO(2) by = exp(27r-\/— 1 a • n). Then E 2 is the flat vector bundle over 
S 1 , such that the holonomy along the base S 1 rotates the fiber by p(l) = exp(27^^/ : ^T a). 

In general, the bundle E 9 — > Lq need not be a product vector bundle, and may even have non-trivial 
Euler class when q is even |Tl)l |2"2"1 I2U1 155] . 

PROPOSITION 2.1. Le£ p f : T — > SO(q), /or < t < 1, 6e a smooth 1 -parameter family of repre- 
sentations such that pq is the trivial map, and pi = p. Then p t canonically defines an isomorphism 
of vector bundles EJ = LxM'. 

Proof: The family of representations defines a family of flat bundles E' over the product space 
L x [0,1]. The coordinate vector field d/dt along [0,1] lifts to a vector field v on the product, 
E« = (Lq x [0, 1]) x W. The group T acts on E« via the action of p t on each slice Ef = {Lq x {*}) x W 1 , 
and the vector field v is clearly T invariant, as pt acts on the vector space K 9 but fixes the tangent 
bundle to [0, 1]. Thus, v descends to a vector field v on E 9 /r. The flow of v on E 9 preserves the 
fibers, so the flow of v acts via bundle isomorphisms on E 9 /r — > Lq x [0, 1]. 

The time-one flow of v defines an isotopy between the bundles E 9 Q and E 9 ^ , which induces a bundle 
isomorphism between them. The initial bundle E 9 Q is a product, hence the same holds for E 9 ^. □ 

The key point is that the bundle isomorphism between E 9 n and E 9 ^ is canonical, and in particular, 
depends smoothly on the path p t . 

In general, a representation p need not be homotopic to the trivial representation, so this hypothesis is 
very strong. However, when p : T — > SO(q) factors through either a free abelian group Z k , or free non- 
abelian group ¥ k , then such an isotopy always exists. For example, if p = a o it: T ^ Z k ^ SO(g), 
then p always satisfies this condition; our construction makes use of the case where p factors through 
Z fc . We consider the special case of representations p: Z fc — * SO(q) in more detail. 

Let m be the greatest integer such that 2m < q. For q = 2m, for convenience of notation, we identify 

R q ^ C TO yia the map 

x= (x ll x 2l ■ ■ ■ ,x 2m -i,x 2m ) >-> z= (zi,...,z m ) 

where Zi — x 2 i-i + v 7 — 1 • x 2i . For q = 2m + 1, identify K 9 = K 2m xR = C m x K in the same fashion. 
The m-torus T m will be written as 

T m = {w = (wi, . . . , w m ) | Wi G C , = 1, for all 1 < i < m} 

Identify T m with a maximal torus in SO(g) via its action by coordinate multiplication, for z G C m , 

(4) w-z = (wi ■ Zi,.. . ,w m ■ z m ) , q = 2m 

w-(z,x 2m+ i) = (u>i • zi, . . . , w m ■ z m ,x 2m+ i) , q = 2m + 1 
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Given a = (ai, . . . , a m ) 6 R m , set 

(5) exp(a) = (exp(27r % /^T ■ ai), . . . , exp(2 7 r % /^T • a m )) € T m 

Let a: L — > M m be a representation. Define a parametrized family of representations, for < t < 1, 

(6) : r - T m C SO(g) , ( 7 )(0) = exp(* ■ 0(7)) ' « 
Then we have: 

PROPOSITION 2.2. Sacft representation a: T -> M m de/mes a foliation T a of L Q x S^ 1 w/iose 
leaves cover Lq. Moreover, if the image of a is contained in the rational points Q m C R m , then all 
leaves of T a are compact. 

Proof: Given a : T — ► K m , then the family /?" is an isotopy from p — p" to the trivial representation, 
so S^p 1 — * Lo is bundlc-isomorphic to the product bundle Lo x § 9_1 . If the image of a is contained 
in Q m , then the image of p a is a finite subgroup of SO(q), hence each leaf of T p is a finite covering of 
Lq hence is compact. Let T a denote the foliation which is the image of T p under the fiber-preserving 
diffeomorphism §f p 1 = Lq x Sf- 1 induced by the isotopy pf. □ 

In the case where q = 2, SO(g) = S 1 and Lo = S 1 , then a: Z — * K is determined by the real number 
a = a(l), and is the foliation of the 2-torus T 2 by lines of "slope" a. Note that for the abstract 
flat bundle E 2 the holonomy is rotation of the fiber S 1 by the congruence class of a modulo Z. 
However, using the homotopy p" we are able to define the slope of the leaves T p using the explicit 
product structure. A similar phenomenon holds for the general case of p defined by a: T — > R m 
although it is not as immediate to imagine the foliation T a on the product space Lq x §f _1 . However, 
there is a standard observation which obviates this problem. 

For a vector x G R k let [x\ e T k = R k /Z k denote the coset of x € M. k . Let [0] denote the basepoint 
defined by the origin in R k . The fundamental group 7Ti(T fc , [0]) acts on the universal cover M. via 
translations, so is canonically identified with the integer lattice Z fe . 

PROPOSITION 2.3. Suppose that ^(L^R) = R k for k > 1. Then there is a surjective map 
7r: L = tti(Lq,xq) — * Z fc . Moreover, there is a smooth map r: Lq — ► luii/i r(xo) = [0] G T fe , and 
TT = T*:n 1 (L 0: x )^n 1 (T k ,[d}). □ 

PROPOSITION 2.4. Given a foliation TofT k x B q which is transverse to the factor W, then 
t: Lo — > T k induces a foliation T on Lq X D 9 whose global holonomy map is the composition of 
with the holonomy map \ Z fc — ► Diff(D 9 ). □ 

In the following, we construct foliations of Nq = T k x D 9 , then obtain foliations of M = Lq x D q by 



Propositions |2.3| and 2.4 



Given a = (or, . . . , a m ): Z fe -> M m , there is a unique linear extension to also denoted by 
a: R k — > M m . The extension a is used to define a diagonal action 

(7) T a : R k x (T k x T n ) -> (T fc x T m ) 

for £ £ M fc . The orbits of T Q define a foliation T a on x TP" where the leaf through (x,y) — 
{[x\, [y\) € T fc x T m is 

(8) hw,v) = {([2 + &W+<*&])\ ^t 4 } 

This is just the standard "linear foliation" of T fc+m by fc-planes, whose "slope" is defined by the 
map a. If we have a smooth family of representations, at : Z fe — * R. m , < t < 1, then we obtain a 
smooth family of foliations C at on T k x T m . 

The linear representation a: R k -> R m can be composed with the action of T m on SO(g) as in W) 
to obtain an isometric action p a of R k on R q , which restricts to actions on each of the subsets Of, 
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B 9 and S 9 1 of R 9 . We thus obtain corresponding diagonal actions on the corresponding product 
spaces. The product actions are also denoted by T a , where for example, we have 

(9) T a : R k x (T fe x Df) -> (T k x Df) 

The orbits of T a define a foliation of T fe x O 9 , again denoted by T a . Note that the action of T a 
preserves the spherical submanifolds T k x S*~~ for < e' < e. 

3. Constructing the plug 

In this section, we construct a C°-foliation T with solenoidal minimal set on L x D'. The idea is to 
first construct a foliation T of T k x O 9 as the limit of a sequence of foliations Tg defined inductively, 



then use Proposition 2.4 to pull the foliation back to Lq x B 9 . The induction starts with the product 
foliation T§ on T'xD 5 . The construction of T\ from T§ is technically simpler than that of Fe+i from 
Tg for £ > 0; the construction of Tg+\ from J-^ involves the complete inductive procedure. There are 
many choices involved in the construction, which influence the topological and diffcrentiable type of 
the solenoidal minimal set of the resulting foliation T. 

Before beginning the inductive construction, we establish some further notations and choices. 

Let Sj = (0, . . . , 1, . . . , 0) £ Z fe , where the sole non-zero entry is in the j tft- -coordinate. The set 
{e*i, . . . , e*fe} forms the standard basis for Z k . 

For each I > 1, choose a representation ag: Z k — > Q m , and set ag(ej) — agj £ Q m . Let ao denote 
the trivial representation, with ao(e*j) = for all 1 < j < k. 

Let Ag C Q m denote the image of ai. Given S > 0, we say that ug is 5g-thin if the generators satisfy 
< ||ct£j || < Sg for all 1 < j ' < k. Here, we use the standard inner product norm on R m . In this 
section, we assume only that the sequence of positive numbers {Sg \ i = 1,2,...} satisfy Sg — > 0, 
which is sufficient to guarantee that Tg converges to a C°-foliation T of T k x D 9 . 

The representations pi = p ae : 7L k — > T m C SO(g) are obtained as in (Joj), so that for v e R q , 

Pt(l)(v) = exp("f(7)) ' « 

The image of pg is isomorphic to the finite subgroup <&g = Ag/Z m C Q" i /Z m . The image of po is 
the identity, while we assume that all other subgroups <3g for i > 1 are non-trivial. This will be the 
case if ag is <5^-thin for 5g < 1, for all £ > 1. 

Let A £ = ker{^: Z fc -> SO(q)} C Z fc . Then A = Z fc , and <5g = Z k /Ag. Note that there are 
covering maps pg : R k /A e ->■ R fe /Z fc ; these are the bonding maps of the solenoid we construct. 

For each £ > 1, choose a set of generators {ef , . . . , e e k } with positive orientation for C Ag, which 
determine an isomorphism (f>g : 7L k — > Ag given by (f>g(ci, . . . , Cfe) = Y] —1 Qej. Note that two such 
sets of generators are related by a matrix A E SL(fc,Z), and the corresponding maps are related by 
4>'g = 4>t ^4- Let </>^: R fe — > K fe also denote the extension of cf>g to a linear isomorphism of R k , and 
(f) e : T k — R k /Z k -^R k /Ag denote the induced map on quotients. 



DEFINITION 3.1. Z k Z k is defined inductively: set $i = <j> x ; and for £ > I, set $g 



o Let Tg = Im(^) C Z k = T 



The groups Tg correspond to the groups introduced after Definition |1.1| 
Choose a non-increasing smooth function p: [0, 1] — > [0, 1] such that 

'l if < s < 2/3 



Ms) 



if 3/4 < s < 1 



For each £ > 1, we extend the representation ag: Z ^ Q m to a continuous family a^ it : Z — > K m , 
< < < 1, by setting af jt (ej) = • a^j for I < j <k. Correspondingly, agj determines a smooth 
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family of representations, pt.t ■ % k — * T m where 

(10) Pe,j,t(v) = Pi,tifij){v) = exp(fj,(t) ■ ae,j) ■ v 

Note that for 3/4 < t < 1, p^.t is the identity / e SO(q), and for < t < 2/3 the action of pej it is 
multiplication by exp(a^j), hence pi }t has image isomorphic to ® f . 

A point v € K 9 is generic for if ^(7) • v ^ v for all 7 ^ A^. Let 0£ C R q denote the generic points 
for p£. The fix-point set for an isometry ptipf) of K 9 is a proper subspace of R q if 7 ^ A^, and as 0£ 
is a finite group, the set of non-generic points in R q is a finite union of proper subspaces. Thus, Ot 
is an open and dense subset. 

We are now ready to begin the inductive construction. For n = 0, we have: 

e - 1 , po = / , *o - Id , r = A = Z fe , N Q - T fe x B q o , K = B q o 

For consistency of notation with the subsequent inductive steps, set iV = No and let ^0 : A" — > No 
be the identity map. The foliation To of ATo is the product foliation, and To of No is the image of 
To under * - Then L = V (T k xO)cJV is the leaf of T through z = 0. Set K = *o([0] x K ). 

We next define the foliation T\ of N . To begin, there is a continuous decomposition 

(11) N = |J T fe x S*- 1 

0<r<e o 

For each < r < eo, let T\ restricted to T fe x S-? -1 be the foliation defined by the representation 
p\_t where t = r/e . The foliation T\ of A^ is smooth, as p\_t depends smoothly on t. 

Set e = 2/3 • e and e' ' = 3/4 • e . 

The family {pu | < t < 1} is an isotopy between p\ and the trivial representation po- The 
foliation T x restricted to T k x (Df o - B'„) is the product foliation; T x restricted to T fe x O*, equals 

T Pl whose holonomy is given by multiplication by the complex vectors pi{"{) € T m , for 7 <G Z k . For 
e' < r < e'o, the foliation restricted to T fe x S-! -1 is the suspension of an isometric action. 

Note that T\ is a distal foliation. Given any two points z 7^ z' E S^ _1 the holonomy action of T\ 
on these points is isometric, hence stays a bounded distance apart. On the other hand, if z <G S 9_1 
and z' G S q 7 for < r < r' < e then their orbits remain on distinct spherical shells, hence remain 
a bounded distance apart. 

Let T\ be foliation of N which is the image of T\ under ty : Nq — > N . 
The inductive step for n = 1 includes several further choices of data. 

Let zi € n Oi C B*, n d be a generic point for p 1 . For 7 e Z fe set z\ n = ,01(7) (21). The 

pi-orbit {zi, 7 I 7 € Z fe } of z*i is finite, so there exists e\ > such that the closed disk centered at z\ 
satisfies 

(12) W^{z x ) = {zeR q \ \\z- fill < ei} C B«, n O x 

and the translates under the action of p\ are disjoint. That is, if 7 e Z fc satisfies 7 ^ Ai then 

D« i (z 1 )n Pl ( 7 )-I0)« i (z 1 ) = D^zOnD^^) = 

Note that ||zi|| = e /2 and D^(zi) C B*, n <D\ implies that ei < e /6 and hence B* o/3 nBf^zi) = 0. 
The finite union of the translates of Of under the action p\ is denoted by 

(13) K x = |J 0^1,7) C X 



Let A^ denote the T Ql -saturation of the set [0] x D^(zi) C N . That is, 
(14) N[= |J ([H,Ml)-B^i)) c ^0 
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Finally, we put the foliation T\ of N[ into "standard form" in preparation for the next stage of the 
induction. Define a T Ql -equi variant map, for £ £ M fe 

(15) ipi : R k /A ± x B« — ► A{ 

vi(Kl.5) - ([IU(f)(-?i + *)) 

This is well-defined precisely because Ai = ker px- Note that the product foliation on K fc /Ai x Bf 
is mapped by y>x to the restriction of T\ to A{ . 

Set Ni = T k x B| , and define the diffcomorphism 

(16) 0i : T fc x B« — ► E fc /Ax x B« x 

Let = <pi ° 4>i '■ Ni — > A{ C AT . Set *i = * ° 4>i ■ Ni — > AT . The image of *i is denoted by 
iVx which is a closed subset of A^. Set K\ = Ni PI Kq, which is the orbit of the disk [0] x Bf C AT 
under the holonomy of T\ ■ 

Note that ^i maps the product foliation on Ai to the restriction of T\ to A^. 

Let Li C ATi be the leaf which is the T Ql -orbit of [0] x z x , and L x = #o(£i) = *i(T fe x 0). Then L x 
is a leaf of T\ and ATx is the closed ex-disk bundle about L\. 

Before proceeding onto the general inductive step, we give two illustrations of the constructions 
made above. First, for q = 2 and ©x = Z/6Z is cyclic of order 6, the following illustrates the set 
Ki, where the points zx,j label the orbit of z\ under p\. 




Next, again for q = 2, where T k = S 1 and ©x has order 2, the illustration below gives an idea of the 
set Ax , which is an embedding of the solid 2-torus into itself. 




Now assume that Tn of Nq has been constructed, for t>l. We construct the foliation Tt+\ of Nq. 

Assume that choices of {zi, . . . , zg} C Of have been made, as well as the sequence 1 > e\ > ■ ■ ■ > eg 
where ek+i < efc/6 for 1 < k < £. By convention, let e' k = 2/3 • €k and ej! = 3/4 • Ck for 1 < k < I. 

By inductive hypotheses, we are given 

(17) * t = ^_x o^ = ^ 1 o...o^:^ = T t xD« ( ^iV,cW„ 
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The foliation T( of N restricted to Nf is the image of the product foliation on Nf. The manifold 
with boundary Ni is the I th -iteration of an embedding of a solid torus in the initial solid torus N . 

We next define Ft+i on Ni which is the product foliation on an open neighborhood of dNg, then 
define to be Ti on A^ — Ne, and Ti+\ on Ni will be the image of Tn+\. By the inductive 

hypothesis, the image under of the product foliation on Ng equals the restriction of Ti on Nt, 
hence the image under of ^7+1 on Ni agrees with Ti> on an open neighborhood of dNg, and so 
thus defined is a continuous (or possibly smooth) foliation of N - 

To define Tt+i on Nf, note there is a continuous decomposition 
(18) N e = \J T k x S?" 1 

0<r<£ f 

For each < r < eg, let restricted to T fe x §^ _1 be the foliation defined by the representation 

Pi+i,t where t = r j eg. The foliation Tg+\ of Ng is smooth, as pi+i.t depends smoothly on t. 

The family {pt+i.t | < t < 1} is an isotopy between pg + i and the trivial representation po. The 
foliation Tg+\ restricted to T k x (B£ € - B*„) is the product foliation; Tg+\ restricted to T k x D^, is 
the foliation T pi+1 , whose holonomy is given by multiplication by the complex vectors pe+i(-~f) € T m , 
for 7 e Z k . For e' e < r < e", the foliation restricted to T k x §^ _1 is the suspension of an isometric 
action. Thus, as before, Tt+\ is a distal foliation. 

This completes the construction of Fe+i on Ng and hence of Fg+\ on Nq. It remains to set up the 
remaining data for the induction. 

Let z e+ i € §^/2 c ®e' n be a generic point for pe+i- 



For 7 £ Z 1 set 2$>+i, 7 = P£+i(7)(i^+i). The p^+i-orbit {z£ + i n | 7 e Z*} of is finite, so there 
exists e e+ i > such that the closed disk centered at zg + i satisfies 

(19) w ee+i (z e+1 )cml,nO e+1 

and the translates under the action of pg + i are disjoint. Note that O* (zi+i) C B^, nO^+i implies 
that e e+ i < £e/6 and hence , 3 nD^ +i (^+1) = 0- The finite union of the translates of D« f+i (i^ +1 ) 
under the action p^+i is denoted by 

(20) K t+1 = |J D£ +1 (3+i, 7 ) 

7 6Z fc 

Let denote the cardinality of the finite group Then AT^ +1 is the disjoint union of 

closed disks, each of radius Observe that by construction, if^+i n D^/ 3 = 0- 

Let N' i+1 denote the T Q( , +1 -saturation of the set [0] x (;?£ + i) C Ni. That is, 

(21) N' e+1 = |J (H],p £+1 (0-1D)^ +I (%i)) C AT, 

Define a T^^-equivariant map, for 

(22) mi : M fe /A.+i x D« £+i N' l+1 

<Pt+i($,Z) = ([I1,^ + i(0(^+i + 5)) 

This is well-defined precisely because A^ + i = kcrp^+i. The product foliation on M fc /A^ + i x E>| is 
mapped by ^+1 to the restriction of !Ft+\ to A^ +1 . 

Set Ng + i = T fe x Df f+1 , and define the diffeomorphism 

(23) fe:T k xl« +i — > I l /A (+1 xD« +i 

{[AM) ^ (^+i[^],[y]) 
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Let in +1 = tp i+ i o 4> e+1 : N l+ i -> N' e+1 C N e . Set ^ e+i = ^g o : N l+X -> AT . The image of 
is denoted by A^ +1 which is a closed subset of Nq. Then "J^+i maps to product foliation on 
Ni + i to the restriction of Te+i to Ne+i- Set iCj+i = Ne+i PI iCj = A^ + i n -Ko. 

Let Li+i C A^ + i be the leaf of Te+i given by the T ae+1 -orbit of [0] x and set L^+i = ^g{Lg + i) = 
* £+ i(T fc x 0). Then L m is a leaf of Te+i and AT^+i is a closed e^+i-disk bundle about Lg + \. 

This completes the induction. Note that we obtain as a result: 

(1) a sequence of nested compact (fc + g)-submanifolds with boundary, 

T k x D« Q = iV D TVx D ■ • • D Ng D ■ • • 

(2) a sequence of nested compact g-submanifolds with boundary, Kg = N# PI ATo, such that 

i?o 3 i?i D • • • D Ke D • • • 
Moreover, AT^ is a union of closed g-disks, each of radius ee < eo/6 . 

(3) a sequence of smooth foliations Te of No such that j^/ = Te. on A^o — A^ for all £' > £. 

The intersection S = f\>o ^ ^ s homeomorphic to a generalized solenoid as defined in Definition 
and the intersection IK* = f] e>0 Kg = S <1 Kq is a Cantor set. 

Also note that as a result of the induction, we obtain a sequence of foliations Tg of the manifolds 
Ne = T fc x Of where ^ is the suspension of the family of representations {pe+i,t | < t < 1}. 
By definition, is 5^-thin, and so the same holds for all representations pe+i,t for < t < 1. By 
assumption, ^ — > as £ — + 00. Thus, the foliations Tg limit to the product foliation of T fc x O 9 ,. It 

follows that there is a well-defined limit foliation T on ATq, such that .F restricted to 5 agrees with 
the laminate structure of S as a solenoid. 



4. C r -ESTIMATES 



The foliations constructed on No = T k x O 9 in the last section are transverse to the factors 
[x] x O 9 for [x\ £ T , and so can be alternately described in terms of their global holonomy maps, 
group actions h e : Z k -> Diff r (D 9 ), for r > 0, where we identify D 9 with [0] x W = K . In this 
section, we give explicit formulae for the maps hij — hg(ej), 1 < j < k, which arc the generators 
of the Z fe -action. Using these explicit formulae, we can then give criteria on the maps to guarantee 
that for each j, the limit hj — lim hej is a C r -diffeomorphism of O 9 . 

t— *oo 

The description of the holonomy maps hg + ij in terms of hej for £ > 1 requires that we take into 
account the role of holonomy of Te when defining Te+i- In the inductive construction of Tg+i, the 
only modification is for Tg restricted to Ne, and thus their holonomy maps agree on Kq — Kg. To 
show that the limit hj of {hg.j} e x L 1 is C r , it thus suffices to give C r -estimates for he+i,j — hej on 
Kg which are sufficient to imply the sequence is Cauchy in the uniform C r -topology. 

The first step in obtaining these estimates to give explicit descriptions of the closed subsets Ke C Kq, 
and corresponding explicit formulae for the holonomy of Te+x induced on Kg. The estimates of 
derivatives of differences he+ij — hej on Kg then follow from calculus. 

The foliations Tg + i are defined on the manifolds A^ and then mapped into N — T k x O 9 via the 
map ^g, which "twists" the product foliation on Ne so that it agrees with the restriction oiTg. This 
foliated surgery obscures the role of Tg in the construction of Te+i- This role must now be made 
explicit, which involves extending all of the holonomy generators of Tg to maps of the fundamental 
group of No and not just for Ne. That is, we must extend these maps from being defined on Tg C Z fe 
to all of Z k . We do this as follows. 

For each £ > 1, recall the choice of representation ag : Z fe — ► Q m defines vectors ag(ej) — agj 6 Q m . 
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The map Z fe — > T e C Z fc of Definition 3T extends to an isomorphism Q fc — > Q k , and 
hence has inverse < i>^ 1 : Q fc — > Q fe , which restricts to a map QJ 1 : 7L k — > Q fe . The isomorphism c&r 1 is 
represented by a matrix with rational entries, with common denominator det(<f>£) = #(C5i x • ■ ■ x ). 

For each I > 1, a^: Z fc — > Q m admits a unique extension : Q fc — > Q m , and we set a' e = at o $7 r 
This represents the additional "rotation" on introduced in modifying Tt-\ to obtain Tt- The 
cumulative rotation of the holonomy of Tt, for £ > 1, is thus defined by maps : Z fc — > Q m 

(24) /3i = ai , /3 2 = a[ + a' 2 , ... , t = a[ + a' 2 + - + a' e 

Set Qej = 0t{ej) G Q rn for 1 < j < k. Let T,( 7 ) = exp(/? £ ( 7 )) for 7 € Z fc , and T^- = cxp(/3 £j ). 

The explicit description of the subset i*Q C D 9 , which is a disjoint union of disks of radius et, requires 
a formula for the centers {zt tl | 7 G Z fc } of these disks. To begin, zq — 0, and p\ acts via rotation 
about Zq = 2o,7- Given the choice z\ G O 9 with ||z*i|| = eo/2, we have 

2i, 7 = zi„ = Pi(l)(zi) = exp(Q!i(7)) ■ zi e Bi , 7 G T = Z fc 



In general, the action of ptifj) acts via rotations on the disk D 9 , and having chosen the generic 
point zi G B 9 with ||5^|| = et—i/2, we have 

(25) z ta = p e (^\("/))(z e ) = exp(o4( 7 )) ■ z t , 7 S IV 1 C Z fc 

We use (25 1 to define zt n for all 7 € 7L k . Note that for 5 G Te we have that Zt n +s = zV and in 
particular, z^ ,5 = z £ = Zi- 



The point z^ 7 is obtained from the point i^ )7 by composition with the map ^t-i of (17 1, thus for 
all 7 G Z fc we have Z£ i7 = 2^-i, 7 + exp(/3^ (7)) • i*^. Hence, by induction we have 

(26) % 7 = exp(/?i(7)) • Z\ H + exp(/^(7)) ■ z t 

The orbit {zV | 7 € Z fc } corresponds to the centers of the disks in Kt so that 

(27) Kt = (J D«(?/, 7 ) C £ 

For each 7 G Z fc , define 

(28) A £:7 : K 9 -> M 9 , A £ , 7 (z) = z^ 7 + e t ■ z 

Note that if 5 G Tt then \&,8 +1 = A f;7 , so that the collection {A^ i7 : D 9 -> B 9 f (z^ 7 ) | 7 G Z fc /r^} 
parametrizes the disks in Kg. 

The perturbations used throughout the construction are based on a "standard model" : given a G K m , 
define g s : K 9 -> M 9 by 

fexp(a) • z if < i < 2/3 

exp(Ai(t) • a) ■ z if 2/3 < t < 3/4 , t = ||z|| 
z if 3/4 < * 

Note that 17s is the identity outside of O3/4, and is the constant "rotation" by exp(a) on O^g. 



The definition of pi. t in (10 1 is the same as specifying that, for z € Kq = D 9 , 

(30) ^i,i(^) = A o g Sl j o Aq x (0) = £fe M (z) 
Set C/o = B 9 q/6 , then for i* G U\, hij(z) = exp(ai t j) ■ z. 

The composition A^ i7 o <? Q ^ +1 ( 7 ) oA^: D 9 ^(z£ j7 ) — > D 9 4 (z£. 7 ) is rotation by exp(a^ +1 (7)) around S^ ;7 . 
Define /ic+i(7) : — » as follows: given 2 G i^, then z € D 9 f (z^ 7 ) for some 7 G Z fe /r^, and set 

(31) ^+1(7) (2) = A^, 7 o 3^ +1 ( 7 ) o A^T 7 (z) 
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For 7 6 and z € D 9 note that 

(32) ^ +1 ( 7 )(z) = p <!+1 ($7 1 (7))(z - z ta ) + z tn 

so that hi + i{"f) is the holonomy of ZFt+i introduced by the foliated surgery of section [i] That is, for 

7 6 and z G -JQ, 

(33) /i£+i(7)(z) = ^+i( 7 ) o /i£(7)(z) 



Note that for a 6 R m , the restriction of A^. 7 o g s o A £ * to O 9 , (z£ i7 ) is multiplication by exp(a). 
Moreover, B^ /6 (z £ , 7 ) n B 9 f+1 (z e+ln ) = for all 7. Set 



(34) U t = |J B^ /6 (z £ , 7 ) C K e C K a 

Then the restriction of /i£+i( 7 ) to t/^ acts via linear isometries, and is the identity for 7 € IV|_i. It 
follows that /if/ defines an affine action of finite order on Ui for all £, £' > 0, 

It remains to estimate ht+i t j — = /i^-|_i(ej) — hi(ej) in the C r -topology on -fQ C B 9 . The first 
reduction is to observe, as noted above, that if z fQ, then /i£ + i.j(i*) — hi_j(z) = 0. Secondly, for 
z € JQ, then 

h e+1 ^(z) - ^(z) = {/i^+i(ej) - Id} o /i£j(z) 

where ft,^- acts via locally constant linear isometries on Kg, hence the C r -norm of he+i j — h^j and 
that of {/i^+i(e}) — Id} on Kg are equal. 



By ( 27 1 it suffices to estimate the C"*-norm of {hg + i(ej) — Id} on each disk D^(z^ 7 ), where 7 € Z k . 
Note that from (31) we see that {hg + i(ej)~ Id} is aconjugate of the basic map gr a / ^g.) by the affine 
map A^ i7 where the latter has derivative q. By the Chain Rule, it suffices to estimate {g a ' e+1 (s j ) —Id} 
on B 9 in the C r -norm, and then scale the result by e]~ r . Finally, note that g a > ( restricted to 
is multiplication by exp(o^ +1 (ej)) so all of its higher derivatives vanish near the origin. Thus, 
for a S R m , it remains to estimate the C r -norm of the smooth map {gs — Id} on O 9 . We obtain an 
estimate which depends linearly on ||a||. Hence, with appropriate choices of a = this will imply 
that the sequence of maps {hi} is Cauchy in the C r , or even, C°°-topology. 

Fix 0^z€D', with r = \\z\\, and let {iti, u^, . . . , u q } be an orthonormal basis of T^B 9 = K 9 such 
that u\ = ^d/dr points in the radial direction. 

For «gR', let V# denote the partial derivative operator on functions /: B 9 — > W. 
First note that for 1 < i < q, Vs 4 (gs) = ps it ■ Ui which depends only on the variable t. 
On the other hand, for v = u\ by the chain rule we have, for t = \\z\\, 

(35) V 5l (gg) = ps.t ■ ui + 2-Kn'{t) ■ a ■ p S:t ■ z 
Thus, for all 1 < i < q, we have 

(36) \\V Ui (g s -Id)\\ < ||exp(a) -exp(0)||+27r||a|| -ki 



where K\ = max{|//(t)| | Q < t < 1}. Note that ||exp(a) - exp(0) | < ||a||. Thus, by (|3l] and the 
previous reductions, we obtain an estimate on the uniform C^-norm || • 

(37) ifa+ifo-) - W||(i) < U ■ (1 + 2ttki) • q 1 ■ |K +1 (e--)|| = (1 + 2tt Ki ) ■ ||ai +1 (^)ll 

The estimate on the uniform C p -norm \\g^ — Id\\^ for p > 1 is more complicated, and involves the 
higher order derivatives of p(t). Some reductions of the calculation are possible. 
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For second order partials, where p — 2, if 1 < i\ < ii < q, then we saw (gs) — pa,t ■ u7 l; hence 
Va !2 o V Sii (g s -Id) = 

V Sii o V 5l (5 S - Id) = (2wfi'(t) ■ a ■ exp(a) • u h ) 
= a ■ (2itp!{t) ■ exp(a) • UiJ 

while for the second derivative in the radial direction we have 

Vtfj o V,^ ((/s - Id) = 2irp!{t) ■ a ■ psa ■ "I + 47r^'(t) 2 ■ a • a ■ pg tt • "i + 2np"(t) ■ a ■ ps,t ■ z 
= a ■ (27r/x'(t) • ps,t • t?i + 47r//(t) 2 • a ■ p s ^ t ■ + 2irp"(i) ■ p s , t • z) 

Let 1 < ii < • • ■ < i p < g, and consider the expression: 

(38) V Sip o • • • o V Ss2 o V Sn ( 53 - /d) 



If two or more indices in (38 1 are greater than 1, then the expression vanishes as partial derivatives 



commute. Otherwise, the expression (38 1 always has the vector factor a multiplying an expression 
whose scalar terms involve the derivatives of p(t) up to order v = p — 1. Hence, there exists C p > 
independent of a, such that 



(39) 



|Va iD 



V 5l2 oV Sn (g 3 - Id)\\ < \\a\\ ■ C p 



Thus, by (31 1 and the previous reductions, we obtain an estimate on the uniform C p -norm: 

ll^+i(ej) - Id\\( p) < C p ■ t]~ p ■ |K +1 (ej)|| 



(40) 



Note that the constants C p may tend to infinity rapidly. Moreover, the diameters satisfy ti < 1/6^, 
hence for p > 1 the term e\ ~ p grows exponentially fast. 

Given S > and an integer 1 < r < oo, we require conditions such that for each 1 < j < k, the 
sequence of maps {hij}f^ 1 is Cauchy in the C p -topology, for all 1 < p < r. For example, require 
that for all £ > 1 and all 1 < p < r, 

(41) \\V Uip o • • ■ o V 3i2 o V Sii {9 <+1 {s s) ) - Id)\\ < 62-* 

then by the above remarks we have that the sequence {hij}]°^ 1 converges to a C r map hj such that 

\\\7 Sip o • • ■ o V.„- 2 o V Cii {hj - Id) || < S 



If we require that (41 1 holds for all £ > 1 and all 1 < p < £, then the limit hj will be C° 



The estimates ( 37 1 and ( 40 1 show this is holds if for each 1 < p < r we require that 
(42) Cp ■ e 1 ^ ■ \\a' e+1 (ej)\\ < 52~' , or 11^(^)11 < 5e r f x /2% 

It remains to note that a' e+1 = ai + \ o so 



(43) 



K+i^HIK+ill-ll^ll^^-ll^ 1 ! 



As remarked above, the map $i depends upon the choices of the vector Skj € Q m for 1 < k < £, so 
( 42 1 and ( 43 1 gives the inductive estimate 



(44) 

If the representations ae : 



Se+i^Se^/^CpW^W 



are chosen so that (44) holds, then the limit T is C r . 
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5. An Example 

In this section, we consider the above is a recipe for constructing a C r -diffeomorphism h : O 2 — > D 2 
whose suspension flow contains a solenoidal minimal set. This is the most familiar and intuitive case, 
for which there is an extensive literature (see, for example 4 9 , [lOj [15j [20j [30] ) . Of course, the main 
point of this paper is to give an explicit construction which yields higher dimensional solenoids, but 
examining this simplest case illustrates the more obscure steps of the induction in sections [3] and [4] 

Let k = 1 and q — 2, and let r > 1. 

The first step is to choose representations ag : Z — ► Q. We set ag(u) = u/ng for integers ng > 1. 

Then Ag = ng ■ Z, and <8g = ( — • Z)/Z. Then ej = +ng is the unique choice for the oriented 

ri£ 

generator of Ag. The map <j)g(u) : R — > R is given by <^(r) = ■ r, inducing the diffeomorphism 
cj)g : R/Z — > R/n^Z. The map $g ■ Z — > Z is then given by 3?^ (u) = m • • -ng ■ u. 

The inverse <frg : Q — > Q is given by = . Then 

v ri\ ■ ■ ■ ng ■ v 

i -l u 1 u 
aAu) — ago (u)= — • = 

n e nf-ni-x n\---ng 
It happens that a'g(u) = as the choices of generators for each A^ were unique. Then 

(45) Pt(u)=u- j — + + 1 1 =u-ft,i 

I m nin 2 nxU2 ■■ - ng I 



The choices of the radii eg are dictated by the conditions (19 1. If we choose the generic point vg S D 2 f 
with \\vg || = eg/2, then the distance between the translates of vg by the rotation group of order ng 
will be eg sm(ir/ng). Since sin(7r/n^) > l/ng for all ng > 1 we can choose eg+\ — eg/4ng and satisfy 
the disjoint translates condition, as well as have D 2 f+1 C D 2 . That is, we can let 

1 



4 e 



n\---ng 



Let hg — hg{e[). Then the estimate on the first derivatives (37 1 becomes 



(46) ||?i w -/d|| (l) <(l±^) 

Uf -ng + i 

where K\ = max{\fi'(t)\ \ < t < 1}. 

Given 5 > 0, the C^-norm of ft. satisfies ||ft||(i) < S if ni > 2(1 + 27tki)/^, and all subsequent ng > 2. 
The estimate for higher derivatives is more involved, as it depends on the C r -norm of u and the 



radii eg. From the estimates (37 1, (40 1, (42 1 and (43 1, it suffices for each 1 < p < r that we choose 
ng + i to satisfy 

(47) Sg +1 < Se^/^C^W , or n l+1 > C V^^Y 

Clearly, the orders {ng} of the holonomy groups of the inserted disks tend to infinity quite rapidly. 
It is worth noting that for any given 5 > 0, there arc an uncountable number of sequences {ng} e x ^ 1 



which satisfy the inductive criteria (47 1 



6. Remarks and Questions 

Our construction leads to a solenoid that occurs as a minimal set of a distal C-foliation. In fact, we 
can apply the same construction to generate a distal C r -foliation that contains a countably infinite 
family of minimal solenoids, no two of which are homeomorphic. 

To see this, first observe that for a solenoid S as presented in Definition ! l.l[ the n-th Cech cohomology 
group H n (S, Z) is isomorphic to the direct limit lim{c^ : Z — ► Z}, £ > 1, where dg is the degree of the 
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covering map pg. This is a torsion- free group of rank one. Without loss of generality, one may assume 
that any such a group is presented as lim{pi : Z — > Z}, i > 1, where each pg is a prime. According to 
Baer's classification of such groups [51 [T7], two such groups determined by the sequences of primes 
P = (pi,p2, ■ • ■ ) and Q — (<?i, (fej • • • ) are isomorphic if and only if it is possible to remove finitely 
many of the terms from each of the sequences P and Q to obtain new sequences P' and Q' in such a 
way that each prime number occurs with the same cardinality in P' and Q' , see e.g. [21 j . Thus, by 
choosing these degrees appropriately, it is clear that there is an uncountable number of topologically 
distinct solenoids based on a given Lq as in Theorem |1.3| Also, using the portion of the plug that 
still has a product structure at the end of the original construction, we can insert in our original 
plug a countably infinite number of solenoids, no two of which are homeomorphic, and in such a 
way that the resulting foliation is distal and C r . 

In the following, Lq denotes a closed oriented manifold of dimension n > 1 with H 1 (Lq, M) 7^ 0, and 
M = L x D 9 is the product disk bundle over L for q > 2. 

QUESTION 6.1. Letr > 0, and J 7 , J-' denote C r -foliations of M obtained as above, with solenoidal 
minimal sets S,S' . If S and S' are topologically conjugate solenoids, when are the foliations T and 
T' C n -conjugate? That is, when is there a C -diffeomorphism f:M—* M which maps leaves of T 
to leaves of T' , and hence maps S to S' ? 

Markus and Meyer have shown [2U] that the generic Hamiltonian flow contains solenoids of all 
possible types. Can a similar result be true for solenoids which occur as minimal sets of foliations? 

QUESTION 6.2. Let r > 1, and T denote the product foliation of M . Does the generic C r - 
perturbation of T contain a minimal set homeomorphic to a solenoid? 



If the answer to Question 6.2 is yes, one is naturally led to the following question. 



QUESTION 6.3. Let r > 1, and T denote the product foliation of M . Does the generic C ' - 
perturbation of T contain a countably infinite family of minimal sets, each of which is homeomorphic 
to a solenoid but no two of which are homeomorphic? Must there exists a dense such family? An 
uncountable such family? 

In our construction, the bonding maps were algebraically defined. In general, there will be a much 
wider class of covering maps possible for solenoids based on a given manifold Lq . 

QUESTION 6.4. Let r > 1, and T denote the product foliation of M. There exist C r -foliations 
of M which are C r -close to T containing a minimal set homeomorphic to a solenoid based on Lq. 
Does the requirement that the resulting foliation of M be C r for r > 1 eliminate homeomorphism 
classes of solenoids based on Lq that can occur in this way? 

For the following question, we refer the reader to the paper [3] where the notions are explained, and 
it is expected that such generalized solenoidal minimal sets must arise. 

QUESTION 6.5. Suppose that tti(Lq,xq) = T is a nilpotent group, and S is a generalized solenoid 
based on Lq for which the leaves of Ts are simply connected. When does there exists a C r -foliation 
T of a compact manifold N with a minimal set homeomorphic to S? 
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